Introduction {#Sec1}
============

Experimental data for bacteria^[@CR1]--[@CR3]^ and yeast^[@CR4]--[@CR7]^ show that, for proteins of low abundance, the coefficient of variation (variance divided by mean squared) of protein molecule copy number or concentration is a decreasing function of average protein copy number or concentration. However, for highly expressed genes, the coefficient of variation tends to a constant level^[@CR1]--[@CR8]^. This lower bound for protein noise is called *noise floor*. There is a debate in the literature over the origin of the noise floor^[@CR9]^: It has been attributed to protein partitioning at cell division^[@CR7]^ or to the existence of some limits to the frequencies of transcriptional and translational bursting^[@CR10]^. In Ref.^[@CR1]^, the noise floor was introduced by heuristic addition of extrinsic noise as an overlay to the existing model.

Here, we introduce a model of gene expression combining the effects which, to date, have been studied separately: cell volume growth^[@CR11],[@CR12]^, protein partitioning at cell division^[@CR12]--[@CR16]^, age structure of the cell population^[@CR11]--[@CR13],[@CR15],[@CR16]^, and dependence of protein production on cell age^[@CR17],[@CR18]^. These ingredients suffice to semi-quantitatively reproduce the 'boomerang' shape of the experimental plots of noise vs protein concentration.

We show that, in a proliferating cell population, the noise floor is always present if the mean protein concentration in cells depends on their cell cycle age $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tau$$\end{document}$, i.e., if the mean protein copy number increases in a different manner than the cell volume. This can be the case even if the transcription rate *k* is constant during the cell cycle: The mean protein copy number increases linearly in time but the cell volume may increase, e.g., exponentially. We also show that the dependence of *k* on $\documentclass[12pt]{minimal}
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Model {#Sec2}
=====

Table 1Notation.Probability density functionDescribes the distribution ofVariableMoments or averagesEqs.*p*(*x*, *t*)Protein copy number *x* in a cell lineage at time *t*$\documentclass[12pt]{minimal}
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The model is based on a Master equation which describes the time evolution of the probability that there are *x* protein molecules present in a single cell at time *t* between cell divisions. This probability is given by the probability density function *p*(*x*, *t*). We assume that the protein copy number randomly increases due to translational bursts and it randomly decreases due to cell division. The random time intervals between bursts are drawn from a distribution dependent on the transcription rate *k*(*t*). Each burst has a random size *u* drawn from a distribution $\documentclass[12pt]{minimal}
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Next, we consider the effect of random protein partitioning at cell division, which is described by the probability density function $\documentclass[12pt]{minimal}
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                \begin{document}$$\eta (q)$$\end{document}$: *q* is a fraction of protein molecules inherited by one of the daughter cells. We assume that cell divisions are instantaneous and occur periodically (cell cycle duration *T* is always the same). These ingredients are sufficient to describe a single cell lineage. In order to describe the whole proliferating population we average the quantities referring to a single cell line with the cell age distribution (the population age structure). To be able to compare our model with the experimental results of Ref.^[@CR1]^, we have to change the variables from protein copy number to protein concentration and, subsequently, from protein concentration to the effective protein copy number, being equal to the protein concentration multiplied by the average cell volume in cell population. For the growing and dividing cell that belongs to a proliferating cell population, the relationship between protein copy number and protein concentration is no longer trivial, and one must carefully distinguish between the corresponding quantities (see Table [1](#Tab1){ref-type="table"} for probability density functions and their moments).

Protein production {#Sec3}
------------------

Consider a single cell lineage with cell divisions at $\documentclass[12pt]{minimal}
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Protein partitioning at cell division {#Sec4}
-------------------------------------

At cell division (assumed to be instantaneous), the time evolution of *p*(*x*, *t*) given by Eqs. ([1](#Equ1){ref-type=""}) or ([2](#Equ2){ref-type=""}) is interrupted and protein molecules are partitioned between daughter cells: $\documentclass[12pt]{minimal}
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Cumulants of protein copy number distribution depend on moments of burst size distribution {#Sec5}
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Moments of protein copy number distribution depend on moments of protein partitioning distribution and burst size distribution {#Sec6}
------------------------------------------------------------------------------------------------------------------------------
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Emulating binomial protein partitioning distribution {#Sec7}
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Population averaging over the age structure {#Sec8}
-------------------------------------------

All the mathematical results obtained so far referred to a single cell or to a cell lineage. In order to obtain the protein copy number probability density function $\documentclass[12pt]{minimal}
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For an exponentially growing population in the state of balanced growth, $\documentclass[12pt]{minimal}
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The averaging procedure defined by Eq. ([21](#Equ21){ref-type=""}) is not the most general way to obtain the quantities referring to the whole cell population from those referring to a single cell line. A more general approach would involve other model parameters being random variables (e.g., cell volume, cell cycle length), so that the age structure $\documentclass[12pt]{minimal}
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Moments of the protein copy number distribution after integration over the age structure {#Sec9}
----------------------------------------------------------------------------------------
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Protein concentration {#Sec10}
---------------------

Until now, we have been considering cellular protein levels in terms of the molecule copy number *x*. Here, we re-calculate the moments of the protein copy number probability density function $\documentclass[12pt]{minimal}
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The growing and dividing cell changes its volume, which leads to the following relationship between the protein copy number $\documentclass[12pt]{minimal}
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Distribution of burst sizes {#Sec11}
---------------------------

Translational bursting was directly observed by the Xie group in production of reporter proteins under the control of a repressed *lac* promoter in *E. coli*. The distributions of protein burst sizes were exponential^[@CR31]--[@CR33]^. In this subsection, we assume a more general form of the burst size probability density function, which also includes the exponential one: From now on, we consider the $\documentclass[12pt]{minimal}
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The Eq. ([32](#Equ32){ref-type=""}) will be needed for derivation of the coefficient of variation of protein concentration, under the assumption that the burst size probability density function has the form ([31](#Equ31){ref-type=""}), compatible with the exponential probability density function but not limited to it.

Cell volume growth {#Sec12}
------------------

In accordance with the experimental findings^[@CR34],[@CR35]^ we assume that cell volume *V* grows exponentially:$$\documentclass[12pt]{minimal}
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Effective protein copy number {#Sec13}
-----------------------------

In Ref.^[@CR1]^, the authors have shown how the coefficient of variation of gene expression in *E. coli* scales with the mean protein level. The abundance of a fluorescent protein fusion produced from a given gene in a single cell was normalized by the volume of each individual cell to get the protein concentration. However, the final results have been presented in Ref.^[@CR1]^ as *the effective protein copy number*, i.e., concentration multiplied by the average volume of cells in the population:$$\documentclass[12pt]{minimal}
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From ([34](#Equ34){ref-type=""}) it follows that the probability density function for the effective protein copy number $\documentclass[12pt]{minimal}
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Cell cycle dependent transcription rate {#Sec14}
---------------------------------------

To show the dependence of protein noise on the timing of protein production, we consider transcription rate which is nonzero only during a fraction of the cell cycle:$$\documentclass[12pt]{minimal}
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Results {#Sec15}
=======

Using the model of stochastic gene expression in dividing cells described in the previous section, we calculate the coefficient of variation of protein concentration $\documentclass[12pt]{minimal}
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In order to compare the model predictions with the experimental data of Ref.^[@CR1]^, it is convenient to consider the two extreme cases: Frequency modulation (FM) and amplitude modulation (AM). In FM, the mean size *b* of translational bursts is constant in Eq. ([40](#Equ40){ref-type=""}) so that the mean protein level $\documentclass[12pt]{minimal}
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Frequency modulation {#Sec16}
--------------------

Using ([28](#Equ28){ref-type=""}) we obtain the protein concentration noise $\documentclass[12pt]{minimal}
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Amplitude modulation {#Sec17}
--------------------
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Protein noise as dependent on the mean number of bursts per cell cycle and mean burst size {#Sec18}
------------------------------------------------------------------------------------------

The coefficient of variation of the protein concentration may be also written as explicitly dependent on both the mean number of bursts per cell cycle $\documentclass[12pt]{minimal}
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Deterministic protein production {#Sec19}
--------------------------------

In order to quantify the contributions to protein noise it is desired to compare the predictions of the present model with the predictions of a similar model in which protein production is deterministic. If the protein production is not treated as stochastic but it is described by the deterministic source with intensity $\documentclass[12pt]{minimal}
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Comparison with experimental results {#Sec20}
------------------------------------

In this subsection, we compare the values of the coefficient of variation of protein concentration predicted by our model with the experimental data of Ref.^[@CR1]^, to see under what conditions our model reproduces the measured scaling relation of protein noise vs. mean protein abundance.
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The noise floor level may be set by limiting the mean number of protein bursts per cell cycle $\documentclass[12pt]{minimal}
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                \begin{document}$$\epsilon =0.1$$\end{document}$ of the cell cycle (green line in Fig. [2](#Fig2){ref-type="fig"}A). Thus, in the FM regime, transcription during only a part of the cell cycle does not seem to realistically increase the noise floor up to the experimentally measured level (Fig. [2](#Fig2){ref-type="fig"}A). Note that the contribution from that effect is additive and the vertical scale for the coefficient of variation in the plots in Fig. [2](#Fig2){ref-type="fig"} is logarithmic. The additive increase due to the limitation of gene expression to a part of the cell cycle is thus better visible for low noise but it becomes small for the experimentally measured noise levels. We can see this in the AM regime, where the noise floor is defined by a constant mean number of bursts per cell cycle $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Omega =5$$\end{document}$). In our model, the minimal noise floor level is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sim 3 \times 10^{-4}$$\end{document}$ (Fig. [1](#Fig1){ref-type="fig"}A, FM): For $\documentclass[12pt]{minimal}
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                \begin{document}$$1 - 2 (\ln 2)^2 \approx 0.03901$$\end{document}$^[@CR15]^. The fact that protein concentration noise is one or two orders of magnitude smaller than the corresponding protein copy number noise was also pointed out in Ref.^[@CR11]^.

Random protein partitioning at cell division is the cause of the 'boomerang' shape of the noise vs. mean plot in the AM regime. For the deterministic 'half-by-half' partitioning with $\documentclass[12pt]{minimal}
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                \begin{document}$${M}_2 =1/4$$\end{document}$, the plot in the AM regime is flat (Fig. [2](#Fig2){ref-type="fig"}D). In the FM regime, the plot has the 'boomerang' shape even for the half-by-half partitioning, and the contribution of random partitioning to noise is small (Fig. [2](#Fig2){ref-type="fig"}C). In both AM and FM regimes, the noise floor level is not affected by the random partitioning. This is because $\documentclass[12pt]{minimal}
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Discussion {#Sec21}
==========

We have proposed a model of gene expression in a population of dividing cells which reproduces in a semi-quantitative manner the experimental data of Ref.^[@CR1]^. In particular, our model predicts the existence of the noise floor, i.e., the absolute lower bound for protein noise. Within our model, there are three factors contributing to the noise floor: (i) cell volume and mean protein number may increase asynchronously, which leads to variation of mean protein concentration during cell cycle, (ii) transcription may take place during a fraction of cell cycle and (iii) a physical limitation may be imposed on the mean number of bursts per cell cycle. Although (ii) contributes to (i), we will discuss it separately.

Both cell volume growth and mean protein copy number growth are purely periodic and thus deterministic in our model, so is the mean protein concentration calculated with respect of the sub-population of cells of the same age. Consequently, the lack of synchronicity between time evolution of cell volume and mean protein copy number is also of purely deterministic character. This is evident if we note that an identical dependence of mean protein concentration, and thus the same contribution to noise floor, appears in the corresponding model with protein production being deterministic instead of stochastic. For that reason, the term 'noise' may be slightly misleading in the case of (i). This is in analogy to the following situation: One can calculate the variance of a purely deterministic periodic, e.g., sinusoidal signal but the non-zero variance does not mean that the signal has any random component. The degree of randomness of such a signal can be measured by calculating its time correlation, if time-dependent data are available. Without the knowledge of time correlation, just looking at the squared coefficient of variation vs. mean plot of gene expression, one may see an apparent 'noise floor' being the effect of an extrinsic periodic deterministic signal. More realistically, the effect of such a signal may occur as a contribution to the actual noise floor^[@CR11]^.

However, in order to obtain the protein noise floor for the whole cell population in our model, we have to calculate the variance of the mean protein concentration with respect to the population age structure (probability distribution of cell age or generation time). For that reason, the stochastic character of (i) is related to the stochastic character of the population age structure. And therefore, (i) is a consequence of both the fact that not all cells are of the same age and that the mean protein concentration $\documentclass[12pt]{minimal}
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                \begin{document}$$\tau$$\end{document}$: The oscillations of the mean protein concentration in consecutive cell cycles occur when protein production does not keep up with or exceeds the cell volume growth. This is already possible for a constant transcription rate but when transcription is limited to a part of the cell cycle (ii), the noise floor level may increase even by 2 orders of magnitude (Fig. [2](#Fig2){ref-type="fig"}A).

Protein noise can be plotted as a function of mean protein abundance, $\documentclass[12pt]{minimal}
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                \begin{document}$$\mu _{1a}^{\star }$$\end{document}$, with the extreme cases being the frequency modulation (FM, Fig. [2](#Fig2){ref-type="fig"}A,C) and amplitude modulation (AM, Fig. [2](#Fig2){ref-type="fig"}B,D).

The curved shape of the noise vs. mean plot for low protein abundances (tending to $\documentclass[12pt]{minimal}
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                \begin{document}$$\sim 1/\mu _{1a}^{\star }$$\end{document}$, Poissonian limit) in the FM regime is due to the burst-like protein production and it occurs even for the deterministic and equal protein partitioning at cell division; random partitioning contributes weakly to the noise for realistic *b* values. For AM, the Poissonian limit is due to the random protein partitioning between daughter cells at cell division and it disappears when partitioning is deterministic and equal. For AM, the noise floor level depends on $\documentclass[12pt]{minimal}
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                \begin{document}$$(\beta -\alpha ) = 1$$\end{document}$, i.e., for the constant protein production taking place during the entire cell cycle) but it is also finite for $\documentclass[12pt]{minimal}
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                \begin{document}$$\Omega =\infty$$\end{document}$ (deterministic case). Since the experimentally observed noise floor level is $\documentclass[12pt]{minimal}
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                \begin{document}$$\sim 10^{-1}$$\end{document}$, the contribution to it coming solely from the age structure (i) and cell-cycle dependent gene expression (ii) seems to be very small compared to the contributions of the limitation on $\documentclass[12pt]{minimal}
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                \begin{document}$$\Omega$$\end{document}$ (iii) (AM, Fig. [2](#Fig2){ref-type="fig"}A) or to the contributions of other possible sources of extrinsic noise not included in the model (e.g., generation time variability^[@CR28],[@CR29],[@CR36]^ or cell growth rate variability^[@CR36]^).

Protein noise is often decomposed into extrinsic and intrinsic contributions^[@CR39],[@CR40]^. What is the character of each of the three noise sources (i--iii) considered here?

Within the present approach, cell volume growth and population age structure depend neither on the protein copy number nor on the kinetic parameters describing gene expression. Hence, the cell-cycle dependent variation of mean protein concentration due to asynchronous increases in cell volume and in mean protein number (i) are an extrinsic contribution to protein noise.

Now consider the effect of transcription during only a part of cell cycle in each cell generation (ii). Gene regulation, which leads to cell-cycle dependent gene expression, is extrinsic with respect to the gene of interest and deterministic in our model. But protein noise, which occurs when gene expression is enabled, is intrinsic. These notions are to be understood is in analogy those used in the classical works which disentangle extrinsic and intrinsic contributions to gene expression noise by means of the two-reporter assay^[@CR40]^, where the regulator noise is considered extrinsic.

However, note that there are no correlations assumed *a priori* between different genes within our model, although such correlations might be present in a cell when a group of cell-cycle-dependent genes is expressed during the same part of cell cycle because of a common cell-cycle-dependent regulator. Such correlations may also occur due to the competition for polymerases (ribosomes) between different genes (transcripts). But in our model we treat each gene (each data point in Fig. [2](#Fig2){ref-type="fig"}) as independent, and possibly independently regulated by cell-cycle-dependent factors: For each gene on the plot, the cell-age-dependent transcription rate and the cell-age-dependent burst size distribution may be different. Thus, if we plot a theoretical curve corresponding to gene expression during a fraction of cell cycle against the experimental data (Fig. [2](#Fig2){ref-type="fig"}), it does not mean that all data points falling on the curve are the genes expressed during that fraction of cell cycle. It is possible that many theoretical curves can be drawn across the same data point, as corresponding to gene expression during different fractions of cell cycle (or as corresponding to gene expression with different values of other parameters). This shows that our model cannot be used for fitting the data without additional information that would remove ambiguity. The necessary information includes: (a) Experimental dependence linking mean expression level with both mean size and mean frequency of protein bursts. (b) Dependence of transcription rate on cell-cycle age. (c) Dependence of the burst size distribution on cell-cycle age.

Note also that protein production limited to a fraction of the cell cycle (ii) enhances asynchrony between cell volume and mean protein copy number and therefore it contributes to (i).

Finally, consider any limitation imposed on the mean number of protein bursts per cell cycle (iii). If such limitation is due to the limitations imposed on transcription rate, this should be treated as an intrinsic contribution because it depends solely on the parameters describing the gene of interest. Obviously, the contribution (iii) does not appear in the corresponding model where gene expression is a deterministic process. In the deterministic approach, we have a single protein production rate parameter $\documentclass[12pt]{minimal}
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                \begin{document}$$k_t$$\end{document}$ and mean burst size *b*) for the stochastic approach. (For simplicity we refer to a situation when gene expression is time-independent). Without these two parameters it is impossible to fit the stochastic model to experimental data, even semi-quantitatively.

If the number of protein bursts per cycle is small, the contribution to noise (iii) is much larger than both (i) and (ii), but if bursts are small and frequent then (iii) either alone or with (i) and (ii) is too small to explain the observed noise floor level.

In summary, our model includes some of the factors contributing to protein noise in gene expression and to the noise floor in particular. Although the model is sufficient for obtaining the functional dependences between the mean protein abundance and noise which apparently fit the experimental data of Ref.^[@CR1]^, it does not take into account some important contributions to protein noise like stochastic spread of cell volume at birth, cycle length or growth rate of individual cells. As these noise sources are of extrinsic character, the protein noise floor is likely to be of mostly extrinsic origin, too. Still, we show that the sources of protein noise included in our model suffice to obtain the noise floor, and we quantify their contributions to protein noise.
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